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The influence of small surface waves on mass transfer from pure gases into water has been 
investigated. Small amplitude progressive two-dimensional waves were mechanically generated 
a t  the liquid surface for the wave studies. Control experiments with nonwaved surfaces were 
also conducted. An effective diffusivity was used to correlate the data. Marked increases in 
mass transfer over that predicted by molecular diffusion for the no-wave control runs are at- 
tributed to natural convection motions, and are probably caused by density and surface tension 
variations. 

Waves or ripples frequently occur a t  fluid-fluid inter- 
faces (4 ,  15) and their fluid mechanical behavior has 
been widely studied (19). However, very few quantita- 
tive investigations have been made of the effect of waves 
on interfacial mass transfer. The objective of this study 
was to provide such information for small progressive two- 
dimensional waves with pure gas absorption into water. 

This investigation deals with contact times of an hour 
or more. Practical application for times of this length lie 
mainly in the environmental area. However, methods and 
techniques developed may be applied to shorter contact 
rimes. 

An unexpected result was encountered for the no-wave 
control runs. Mass transfer could not be explained simply 
in terms of the usual buoyant forces. It appears that even 
for the slightly soluble gases studied some degree of sur- 
face motion arises from Marangoni instability ( 1  7). 

EXPERIMENTAL SYSTEMS 

Oxygen, helium, carbon dioxide, and propylene were selected 
for the experimental work because they provide a wide range 
of diffusivities and solubilities. At the start of each experiment 
the gas under investigation was saturated to eliminate water 
transfer. Absorption was carried out with the use of distilled 
deaerated water. 

The experimental procedure involved the measurement of 
the amount of gas absorbed as a function of time in a series 
of unsteady (nonflow) runs. These were carried out with 
no-waves and with waves of different frequencies at the sur- 
face. The unsteady state scheme was used since it required 
simpler experimental techniques and wave hydrodynamics than 
alternate steady state flow situations. 

The quantity of gas absorbed as a function of time was 
determined by measuring the pressure, volume, and tempera- 
ture of the sealed gas space. All runs were made at ambient 
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Fig. 1. Mass transfer equipment. 

conditions. Since water evaporation or condensation was elimi- 
nated by presaturation, the observed change in gas quantity 
was due to absorption alone. 

The apparatus for the mass transfer studies ( 1 1 ,  1 2 )  was 
a sealed ripple tank (Figure 1) .  Waves were generated by a 
series of parallel vertically moving rods which could be driven 
at varying frequencies by a motor drive coupled to a cam 
mechanism. This created circular progressive wave patterns 
about each rod which interacted to give a two-dimensional 
wace front moving down the rectangularly shaped tank. Gauze 
ecwrapped metallic screening was placed at the ends of the 
tank to damp out waves and prevented reflection. 

The gas space gauge pressure was observed by means of 
a vertical U-tube mannometer whose fluid was water ahead 
saturated with the gas under investigation. A barometric readl 
ing was used along with the gauge value to obtain absolute 
pressure. As shown in Figure 1, equipment was provided for 
quantitatively decreasing gas volume as a run progressed. A 
series connected copper-constantan thermopile was used to 
measure gas temperature. 

Prior to starting each run the empty ripple tank was purged 
for several hours with the gas to be studied. At the beginning 
of a run deaerated water was introduced into the tank. For 
the driven runs the wave generator was then turned on. Gas 
pressure, volume, and temperature were monitored and rc- 
corded as a function of time. Pressure was kept essentially 
atmospheric by incrementally decreasing gas volume in the 
reservoir. The P-V-T data ( 1 1 )  were used to calculate the 
total moles absorbed through each time interval during the 
run. 

DATA ANALYSIS 

Recognizing that the fluid motion is complex (10, 19) ,  
we decided ( 1  1 ) not to attempt numerical solution to the 
full diffusion equation. A very simple model was used to 
analyze the data. The model used the equation for one- 
dimensional unsteady diffusion into a slab with a constant 
diffusion coefficient. 

Since the degree of agitation varies with distance from 
the interface, it is expected that values of D ,  obtained 
from the data will depend not only on fluid properties, 
agitation intensity, and frequency, but also on fluid depth, 
a variable which was not studied in this work. 

The boundary conditions for Equation (3)  which apply 
to the above experiments are 

c (y, 0) = 0 ( 2 )  

c (0,O) = c, (3)  
ac (- h, e)/ay = o (4) 

The series solution ( 5 )  to Equation (1) with these bound- 
ary conditions was integrated ( 1 1 )  to obtain the total 
amount of gas absorbed a t  any time An. Consideration of 
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Fig. 2. Helium absorption. 

the series terms indicates that for values of D,26/4h2 5 
0.1, the second term of the series is less than 5% of the 
first term n = 0. In this limit the solution may be ap- 
proximated by 

- D & e p d  
1 - ( A n / c ,  V L )  = ( 8 / 4  e ( 5 )  

If the use of D,  as an empirical constant is justified, a 
plot of the experimental data in terms of In ( 1 - An/C,V,) 
vs. 6 should yield a straight line with a slope of - D, "/ 
4h'. This linearity applies only for data points correspond- 
ing to times sufficiently large so that D,?r*6/4hZ is equal 
to or greater than 0.1. 

For the case in which D ,  is so small that the above 
criterion is not met, an alternate solution to Equation (1) 
may be used. For this situation it is assumed that the tank 
is very deep and that the boundary condition given in 
Equation ( 4 )  is replaced by 

C( -co ,6 )  = o  (6) 

The solution to Equation (1) with the boundary con- 
ditions of Equations ( 2 ) ,  ( 3 ) ,  and (6) may be integrated 
to obtain (12)  

An = 2AC, [ (DW6/~) ' / '  - ( D , ~ , / P ) ' ~ ]  ( 7 )  

where 6$ is an effective initial time. Equation (7) indi- 
cates that a plot of An vs. 6''' should give a straight line 
with slope equal to 2AC, ( D,/T) 'Ia. 

ek ( s e c i )  

Fig. 3. Oxygen absorption with no-waves. 

Equations ( 5 )  and (7) were used to correlate the ex- 
perimental results in terms of an effective digusivity. Fig- 
ure 2 presents the data for the absorption of helium into 
water at different wave frequencies. The straight lines 
designate the region in which Equation ( 5 )  applies. Simi- 
lar results were obtained for carbon dioxide and for the 
driven oxygen and propylene runs. In each of these cases 
for times greater than 2,400 sec. a linear relation was ob- 
tained and D,  was determined from Equation ( 5 ) .  For 
the no-wave oxygen and propylene runs the diffusivity 
was smaller and Equation (7)  was employed. Figure 3 
shows the results obtained for oxygen absorption. Values 
of D ,  for the four gases are presented in Figure 4 as a 
function of wave frequency. 

DISCUSSION OF NO-WAVE PHENOMENA 

An appraisal of the values of D,  from Figure 4 and 
Table 1 indicates that for none of the gas systems do no- 
wave runs match predictions based on a molecular diffu- 
sion mechanism. In all cases the actual diffusivity is higher 
than the molecular value. 

As seen in Figure 4, the propylene, oxygen, and helium 
systems have D,  values that increase in the order of their 
molecular diffusivities for a given frequency. Carbon di- 
oxide is out of order for all frequencies, but far less so in 
driven runs than in no-wave runs. Figure 4 shows that a 
smooth extrapolation of driven values to the no-wave 
value can only be made for propylene. For helium and 
oxygen, extrapolation to zero frequency requires a sharp 
decrease in D,. On the other hand, extrapolation for car- 
bon dioxide requires an increase in D,. 

These experimental observations lead to the conclusion 
that the liquid phase is not motionless during no-wave 
runs. The reproducibility of no-wave D, values, along with 
the different results for the various systems, indicates that 
motion is not due to random background vibrations. On 
the same basis it is felt that the Plexiglas walls provided 
adequate thermostating. It is believed that natural con- 
vection currents, dependent on the properties of the sys- 
tem, are present. The change in relative position of car- 
bon dioxide for wave as opposed to no-wave runs indicates 
that the mechanically imposed fluid motions tend to offset 
or dampen these currents. 

Two mechanisms for natural convection exist. The first 
is the familiar buoyant effect, occuring when fluid den- 
sity is changed due to mass or heat transfer. A second 
possible mechanism is due to surface motion arising from 
Marangoni instability. This motion is caused by perturba- 
tions in surface concentrations which, in turn, cause 
changes in surface tension and hence force imbalances 
(17). 

The Grashof number is generally used to characterize 
the tendency for buoyant natural convection in a system 
( 3 ) .  

(8) 
where g is the gravity constant, d a characteristic distance 
(taken as the tank depth h for this case), and Az the 
change in solute concentration (mole fraction) causing 
natural convection. The quantity y is given by 

Nm = g p5 Y 8 A Z / f  

Since there is both a concentration and temperature effect 

and 
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Fig. 4. Effective diffusivity for no-wave and drive runs. 

C, is the specific heat of the solution, while H ,  is the heat 
of solution for the system and is taken as positive when 
heat is generated by solution. The H ,  value was available 
for carbon dioxide; for the other systems it was estimated 
from equilibrium solubility data by a Clausius-Clapeyron 
relation (11). Since these are very dilute aqueous solu- 
tions, ( a p / a T ) ,  was determined from density vs. tem- 
perature data for water. Values for (ap/dz), are not 
available, however. An estimate for this quantity was made 
by assuming ideal saturated solutions and by calculating 
density by the use of additive partial volumes and by 
linearizing the change. To estimate Grashof numbers for 
data correlation, saturated liquid densities were used for 
carbon dioxide and propylene. Since the runs were made 
at temperatures well above the critical point for oxygen 
and helium, critical densitites were used for these sub- 
stances. Setting 

Grashof numbers were calculated with Equations (8) 
through (11). These values are shown in Table 1. 

In all cases, the calculations predict a decrease in den- 
sity due to solution, so that negative values of Grashof 
number result. This indicates a condition of buoyant 
stability, since the density gradient that is set up is in the 
same direction as the gravitational field and opposite the 
concentration gradient. 

Excluding carbon dioxide, Table 1 shows a decrease of 
D,/D with increasing Grashof magnitude. This agrees 
with the buoyant stability concept and probably indicates 
that buoyant convection effects are not significant for osy- 
gen, helium, or propylene. 

Surface tension effects may, therefore, be the primary 
source of no-wave motion for these systems. No data on 
the effect of solution on surface tension for these systems 
were found. The estimation method described below is 
similar to that of Kuper and Trevens (9) and was sug- 
gested by that source. 

For a pure liquid in equilibrium with its vapor, surface 
tension may be expressed by the McLeod equation. 

AZ = z. (12) 

TABLE 1. DATA CORRELATION 

Propylene 1.77 -114.5 4.46 320 0.098 
Oxygen 5.34 -11.05 -0.415 -29.9 0.150 
Helium 9.85 -3.55 -2.35 -170 0.204 
Carbon 

dioxide 44.3 -291 0.55 39.6 0.182 

( P L  - P V )  ( P / W  (13) $/4 = 

For a pure substance the Parachor may be determined 
from the van der Waals constants. In addition the van der 
Waals constants for a binary mixture can be estimated 
from the corresponding pure component values. In this 
manner a rather lengthy expression for the Parachor in 
terms of van der Waals constants and concentration may 
be obtained (9, 11). If the vapor density is assumed to 
be negligible compared to the liquid density one obtains 

where 

The subscripts v and w refer to the gas under investiga- 
tion and to water, respectively. a and b are the pure-com- 
ponent van der Waals constants for the substance desig- 
nated by the subscript. 

The dimensionless group N o  is a measure of the degree 
of force imbalance resulting from a surface concentration 
perturbation. This conclusion arises from examination of 
the equations governing surface tension instability and 
interfacial turbulence (15, 17). The quantity l/u is es- 
sentially constant for the dilute systems studied and thus 
au/az is the significant factor. This quantity has been 
used recently to correlate Marangoni behavior for liquid- 
liquid systems (16). 

Values of N ,  and &/az are presented in Table 1. Nega- 
tive values of N ,  indicate a decrease of surface tension as 
concentration increases with the reverse effect for a posi- 
tive value. 

WAVE EFFECTS 

Experimental results clearly indicate an increase of D ,  
with frequency for the driven runs of all four systems. The 
amplitude-frequency relationship with mass transfer for 
these slightly soluble gases was the same as reported in 
reference 12. No simple correlation was found when am- 
plitude was used as the characteristic length. A correlation 
of dimensionless groups was realized by defining the 
group 

The relating equation is of the form 

F = f hO/D (16) 

D,/D = K ,  F" (17) 
Figure 5 is a log-log plot of D,/D vs. F for all systems. A 
slope of LY = 1/3 yields a good fit to the data of the four 
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Fig. 5. Influence of frequency on effective diffusivity. 
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Fig. 6. Effect of molecular diffusivity. 

cases. Values of K,, determined by the intercepts of the 
lines, are listed in Table 1. 

If carbon dioxide is excluded, a relationship of the form 

D , / D  = K, N s /  F1” 
is suggested where Nsa is p / p D .  Figure 6 is a plot of 
(D,/D)/F’‘s vs. N,, for oxygen, helium, and propylene. 
The slope and intercept, determined by the least squares 
method (solid line) give values for /3 and K,. Equation 
(18) then becomes 

D,/D = 2.74 Nse-1‘2 F” 
where the value of fl  actually was -0.508 but was 
rounded off to - 1/2. Realizing that 

(18) 

(19) 

F=-= fh2 Nac (fh2p/p) (20) D 

one may rewrite Equation (20) as 

D,/D = 2.74 ($)-v*(y (21) 

The group ( f V p / p )  may be thought of as a wave Reyn- 
olds number. 

Two other aspects deserve comment. The first is the 
effect on mass transfer of the increase in surface area due 
to waves. This change is negligible, since amplitude to 
wavelength ratios were, on the average, below 0.05 (12). 
Surface area must be kept in mind, however, when work- 
ing with waves of higher amplitude. 

The second subject is that of turbulence. The possibility 
of turbulent variations to smooth particle paths exists. 
Such perturbations would be expected to occur in all three 
dimensions and surface motions in the width dimension 
would be expected. Another possibility is that small dis- 
turbmces would prevent the paths from closing (7). 

CONCLUSIONS 

The rates of absorption of oxygen, helium, carbon di- 
oxide, and propylene into apparently still water and by a 
pool in wave motion were measured. The rate of absorp- 
tion followed familiar transient diffusion formulas but 
with effective diffusivities significantIy greater than mo- 
lecular values. 

The production of progressive surface waves 
cantly increased the rate of absorption for oxygen, 
and propylene. There is some evidence of correlation with 
the dimensionless groups h“f/D and p/pD. 
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NOTATION 

A =  
a =  

a, = 
b =  
b, = 
b, = 
c =  
c, = 
c, = 
D =  
D, = 
d =  
F =  
f =  
g =  
H ,  = 
h =  
K ,  = 
K ,  = 
M =  
N ,  = 
N o r  = 
N s c  = 

a. = 

An = 
n =  
P =  
p-  = 
T =  

v =  
VL = 

u =  

u =  
x =  
Y =  
z =  

surface area, sq. cm. 
van der Waal constant, (atm.) (g.-mole)‘/sq. liter 
van der Waal constant for gas 
van der Waal constant for water 
van der Waal constant, liter/g.-mole 
van der Waal constant for gas 
van der Waal constant for water 
concentration, g.-mole/cc. 
equilibrium concentration, g.-mole/cc. 
specific heat, cal./g.-mole, OK. 
molecular dsusivity, sq. cm./sec. 
effective diffusivity, sq. cm. 
characteristic system dimension, cm. 
fh’/D, dimensionless 
wave frequency, sec.” 
acceleration due to gravity, sq. cm./sec. 
heat of solution, cal./g.-mole 
depth of liquid, cm. 
empiricaI constant 
empirical constant 
molecular weight 
( l/u) (au/az), dimensionless 
dimensionless Grashof number 
Schmidt number 
total gas absorbed, g.-mole 
index for summation 
Parachor 
pressure, atm. 
absolute temperature, O K .  

x direction velocity, cm./sec. 
gas volume, cc. 
liquid volume, cc. 
y direction velocity, cm./sec. 
horizontal Cartesian coordinate distance, cm. 
vertical Cartesian coordinate distance, cm. 
mole fraction 

Greek Letters 
f f =  

B =  
Y =  
e =  
P =  
P =  
p r  = 
P o  = 
u =  

empirical exponent 
empirical exponent 

time, sec. 
viscosity, g./( cm.) (sec.) 
density, g./cc. 
liquid density, g./cc. 
gas density, g./cc. 
surface tension, dyne/cm. 

/ p )  ( d p / d z ) ,  dimensionless 
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Bubble Motion and Mass Transfer in 

Non-Newtonian Fluids 
STANLEY M. BARNETT, ARTHUR E. HUMPHREY and MITCHELL LlTT 

University of Pennsylvania, Philadelphia, Pennsylvania 

Instantaneous mass transfer coefficients were obtained for the absorption of carbon dioxide 
bubbles rising in an aqueous solution of sodium carboxymethylcellulose. The rheological chamc- 
ter of the solutions was well described by the Ellis model. 

Mass transfer coefficients were high initially but trailed off rapidly with bubble age. Excep- 
tions were found a t  specific diameters where the bubble shape went through a transition. A t  
about 0.2 cm. a transition from ellipsoidal to  a sphere shape occurred, which has also been 
observed in Newtonian fluids. A t  a larger diameter, however, the non-Newtonian fluid showed 
a shape change from a spherical “cap” to a “top“ shape and finally to an ellipsoid. A sudden 
increase of mass transfer coefficient accompanied each shape transition. 

Drag coefficient data were correlated successfully with a new Reynolds number. The New- 
tonian and power law portion of the Ellis model each contributed a component to the Reynolds 
number, which, when added together, correlated drag data for the bubbles as well as for glass 
spheres. 

Attempts to account for transition shape changes and bubble tailing in the non-Newtonian 
fluid and their effects on bubble mass transfer are included. 

This paper covers mass transfer from gas bubbles into 
a non-Newtonian fluid. Since mass transfer is directly af- 
fected by the state of the %ow field, for an adequate un- 
derstandin of the entire operation, it is also necessary to 

little information is 
presently available. Only recently ave theoretical studies 
of the flow of non-Newtonian fluids over solid spheres 
( I ,  2 )  been published, while even less work has been 
done on liquid drops, and nothing on gas bubbles. Some 
results on bubble mechanics and drag in non-Newtonian 
fluids are also included, since they may provide an insight 
into the mass transfer phenomena. 

Many investigators have studied mass transfer from 
bubbles in Newtonian systems. For practical reasons most 
of these studies have concerned themselves with multi- 
bubble systems. Those who did work with single bubbles 
enerally obtained their data averaged over the life of a 

gubble (3, 4 ) .  In most cases (5 to 7), the results were 
influenced by the wake of a preceding bubble. 

Many authors have studied bubble shapes (8 to 12) .  
Miyagi (13) ,  in particular, provided an excellent study 
of the shapes and oscillations during a bubble’s rise. A 

x describe tE e flow conditions. Ve 

comprehensive literature survey may be found in refer- 
ence 14. 

Deindoerfer and Humphrey (15) obtained instantane- 
ous mass transfer coefficients, velocities, and diameters for 
a bubble rising alone in distilled water. Mundkur (16) 
expanded the range of these data. The technique of Dein- 
doerfer and Humphrey has been criticized in a recent 
paper by Calderbank and Lochiel (25) ,  because bubble 
volumes and transfer rates were evaluated from rojected 
bubble ima es and assumed bubble shapes. Caderbank P 
and Lochie B also explained the fact that their data, ob- 
tained from a pressure measurement technique, is higher 
than Humphrey and Deindoerfer’s, because the latter may 
have introduced impurities through the use of a pIastic 
column. This is inferred from the fact that transfer rates 
decayed most rapidly soon after release, when one would 
expect the rate of diffusion of impurity to the surface to 
be highest. It is felt that the latter phenomenon was due 
not to impurities, but to imperfections in the bubble re- 
lease mechanism, which allowed wild oscillations of the 
bubble upon release, giving too high a transfer rate at the 
outset which quickly decayed to a low value when the 
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